This note provides an extension of the Fend-Feichtinger-Tragler dynamic game of offending and law enforcement to a stochastic framework. This allows the analysis to reflect actual crime statistics which displays randomness in its distribution. Stochastic paths of crimes are derived. The asymptotic stationary distribution of crime records is also obtained.
Introduction
analyze a differential game describing the interactions between a potential offender and the law enforcement agency. However, actual crime statistics displays randomness in its distribution as shown in the Appendix. To generate this effect we extend the Fend-Feichtinger-Tragler game in Fent et al (2002) to a stochastic differential game. Stochastic dynamics are derived. This note is organized as follows. In Section 2, an intertemporal game played between an offender and a law enforcer with stochastic dynamics is set up. Analysis on the outcome of the game is performed and the solution crime evolution path is derived. Section 4 considers the case when the time horizon approaches infinity. The stationary distribution of crime records is obtained.
Concluding remarks are given in Section 5.
A Stochastic Fend-Feichtinger-Tragler Game of Law Enforcement
Following Fent et al (2002) , we consider the behaviour of two rational players. The first player is a (group of) potential offender who tries to maximize profit gained from illegal activities, while the second player is a law enforcement agency that tries to maximize public welfare. The offender's decision variable is ) ( 1 t u , the rate of offence, and the agency chooses its rate of crime investigation ) ( 2 t u .
As argued in Fent et al (2002) , it may be less plausible why the authority should concentrate its activities --and therefore its spending on investigation, prosecution, and execution of sentences --on one particular offender. The state ) (t x represents the offender's experience in committing crimes or her record of prior criminal offences. The state variable has two possible interpretations. First, it can be considered as the record of prior crimes. Following Greenwood et al (1994) , it is assumed that the increase of this record only depends on the criminal activity and the number of convictions, but not on the punishment. A decay term However, the offender also forgets, and the experience decays with time due to changes of law and technology. Thus, the value of experience will be reduced by a rate  .
To introduce randomness we use the stochastic differential equation
to describes the dynamics of the state x . In particular, where  is a constant and ) (s z is a Wiener process and the initial state 0 x . Equation (2.1) shows that the decay rate  is subject to stochastic shocks.
The utility the offender obtains from criminal activities consists of revenues minus costs. The revenues of the offender is
The offender's costs consist of two terms, S and C . The term S represents the costs connected with the sentence. These costs depend on the decision variables 1 u and 2 u and the state x :
In particular, the punishment an offender will suffer is a function of his own offending intensity, the rate of crime investigation, and the criminal record. The offence level 1 u influences the probability of being convicted and the level of punishment, the investigation activities 2 u affect the probability of being convicted and prosecuted, and the criminal record x influences the level of punishment. With the formulation in ( The second cost term C represents costs that are not related to incarceration or conviction. These costs are increasing in the criminal intensity the following costfunction is adopted. 
If the criminal record ) (T x has a negative impact,  must be positive. In the case where the offender does not consider a criminal record to be something bad at all, the parameter  can be equal to or less than zero. The offender's expected objective functional can be expressed as:
where r is the discount rate.
The expected objective functional of the law enforcement agency is
where all terms are costs for the state. Since the criminal record and the experience of a previously convicted offender at the terminal time do not influence public welfare there is no salvage value of the state x .
The damage ) ( 1 u D caused by illegal activities increases with the offence rate and it is assumed:
The costs of law enforcement, ) , ( 2 u x K , increase and have non-decreasing marginal costs. More experienced offender might be more difficult to arrest but, on the other hand, the higher the level of criminal experience already is, the smaller the advantage of one additional unit of experience. The law enforcement cost is assumed to be:
in the law enforcement agency's objective functional reflects the costs of imposing a certain punishment. For instance, the costs implied by maintaining prisons might be included here. In particular:
The expected objective functional of the law enforcement agency in (2.6) can then be expressed as:
(2.7)
Analysis
The game (2.1), (2.5) and (2.7) is a stochastic version of the Fend-Feichtinger-Tragler game. Given the presence of stochasticity, a feedback solution has to be sought. A Nash equilibrium solution for this stochastic differential game can be characterized as:
Nash equilibrium solution to the game (2.1), (2.5) and (2.7) if there exist suitably smooth
Proof. Follow the proof of Theorem 2.5.1 in Yeung and Petrosyan (2006) . □ Performing the indicated maximization in (3.1) yields the conditions:
The conditions above give:
Note that the authority will decide not to investigate at all. 
(3.5)
Proof. Substituting the relevant derivatives of
( 3 . 6 )
For (3.6) to be satisfied, it is required that (3.5) to hold. Hence Proposition 3.1 f o l l o w s . □ System (3.5) forms a block recursive system of differential equations. x is negatively evaluated by both players at any instant of time. Having a negative shadow price, x is a "bad stock". This is clear since x enters negatively in both objectives.
The game equilibrium strategies of the offender and law enforcer are
(3.8)
Substituting the game equilibrium strategies into the state dynamics yields:
(3.9) Equation (3.9) is a linear stochastic differential equation which solution can be expressed as:
( 3 . 1 0 )
The stochastic path (3.10) manages to exhibit random elements in its evolution.
Infinite Horizon and Stationary State
Now we consider the case when the terminal T approaches infinity. An infinite horizon version of the game (2.1), (2.5) and (2.7) can be specified as:
A Nash equilibrium solution for this infinite horizon stochastic differential game can be characterized as: 
Proof. Follow the proof of Theorem 2.7.1 in Yeung and Petrosyan (2006) . □ Performing the indicated maximization yields the conditions: 
(4.6) Proposition 4.1.
The system (4.6) admits a solution
where
( 4 . 8 )
Proof. Follow the proof of Proposition 3.1. □ A Nash equilibrium is given by
(4.9)
Substituting the game equilibrium strategies into the state dynamics (4.2) yields:
(4.10) Equation (4.10) is a linear stochastic differential equation with constant coefficients which solution can be expressed as:
(4.11)
The stochastic path (4.11) manages to exhibit random elements in its evolution.
The stochastic system (4.10) will generate a stochastic process governed by a joint transition probability density function. This transition probability density function characterizes the possible realizations of 
(4.12)
A stationary state of the system (4.10) will be characterized by a process which has invariant probability density over time. It implies that the process 
Concluding Remarks
This note provides a stochastic version of the Fend-Feichtinger-Tragler dynamic game of offending and law enforcement. Stochastic paths of crimes are derived. This allows the analysis to reflect actual crime statistics which displays randomness in its distribution.
Appendix:
United States Crime Index Rates Per 100,000 Inhabitants 
